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Abstract. Fix a variety X with a transitive (left) action by an algebraic group G. 
Let £ and T be coherent sheaves on X. We prove that for elements g in a dense 
open subset of G, the sheaf Torf \£,gT) vanishes for all i > 0. When £ and T 
are structure sheaves of smooth subschemes of X in characteristic zero, this follows 
from the Kleiman-Bertini theorem; our result has no smoothness hypotheses on the 
supports of £ or T, or hypotheses on the characteristic of the ground field. 



All schemes in this note are of finite type over an arbitrary base field k. We make 
no restrictions on the characteristic of k. All groups G are assumed to be smooth 
over k. In particular, the local rings of G x k k' are regular, for all field extensions k! 
of k. By a transitive action of G on X, we mean one such that GxX-^XxXis 
scheme-theoretically surjective (this implies that X is reduced; see the Remark). 

The aim of this note is to prove the following result. 

Theorem. Let X be a variety with a transitive left action of an algebraic group G. 
Let £ and T be coherent sheaves on X and, for all k-rational points g G G, let gT 
denote the pushforward of T along multiplication by g. Then there is a dense Zariski 
open subset U of G such that, for g EU , the sheaf Tor i(S , gT) is for all i > 0. 

Remark. There are a number of subtleties that can be ignored for those working 
over the field of complex numbers. 

1. Transitivity implies that the action is geometrically transitive, in the sense that, 
after base extending to an algebraic closure of k, any choice of closed point 
in X results in a scheme-theoretically surjective map G —>■ X. Hence X is 
geometrically reduced, and therefore reduced. 

2. If A; is infinite, and G is connected as well as affine, and either (i) G is reductive 
or (ii) k is perfect, then U always contains a ^-rational point of G |Bor91l 
Corollary 18.3]. 

3. For the open set U that we construct, if k! is any extension of k and g is a k'- 
rational point of U, then Torf (£,gT) will vanish as well, where X' = X x k k! 
is the base extension to k! . 

The theorem should be thought of as an analogue of the Kleiman-Bertini theo- 
rem |Kle74j , which concerns the characteristic zero case in which S = Oy and T = Oz 
are structure sheaves of smooth subvarieties: Y meets gZ transversally for generic 
g G G in that situation, immediately implying that 8 and gT have no higher Tor. 
The conclusion that Y and Z meet transversally has many additional consequences; it 
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implies, for example, that Y H gZ is smooth, which is the better known conclusion of 
the Kleiman-Bertini theorem. In our situation, where £ and T need not be structure 
sheaves, there is no analogous smoothness conclusion to draw. Our result shows that 
we may at least continue to disregard higher Tor sheaves in this general setting. 

There are many results which generalize the Kleiman-Bertini theorem by saying 
that for X as in our theorem, if Y and Z are subvarieties of X obeying various 
conditions on their singularities, then for generic g G G the intersection Y D gZ 
obeys the same conditions (sometimes we must assume that the ground field has 
characteristic zero). The cases where the condition on singularities is reducedness (in 
characteristic zero), equidimensionality, local connectivity in codimension c, Serre's 
conditions Rd (in characteristic zero) or Sd, or normality can be obtained by methods 
similar to those of Spreafico [Spr98|. (Spreafico considers Kleiman-Bertini-like results 
in Section 5.2 of her paper. In order to avoid imposing Spreafico's condition (b), 
which is not true for many interesting examples such as grassmannians, one should 
remove her notion of generic geometric regularity and instead impose on P the axioms 
that (1) if A and B have property P then A x B has property P, and (2) if A has 
property P, and B is a regular domain with a morphism A — > B, then A x b fj has 
property P, where fj is a geometric generic point of B. It is checking this second 
property that introduces characteristic dependencies.) The condition of rationality 
of singularities is essentially Lemmas 1 and 2 of |Bri02j . These lemmas also provide 
an alternative proof when the condition on singularities is Cohen-Macaulayness, and 
it is straightforward to modify this argument to apply to Gorenstein singularities. In 
the same paper, Brion also proves the special case of our result where £ and T are 
the structure sheaves of Cohen-Macaulay subschemes of X. We could not find in the 
literature a result dealing with sheaves that are not structure sheaves. 

The main use we see for our result is in i^-theory computations for homogeneous 
spaces. This is an active field of research, with many results both in pure geometry 
and in combinatorics; see |Bri05j for a good introduction to the geometric side of the 
theory and |Buc02|, l"Las90j for a sample of the combinatorial side. The iT-ring K°(X) 
of a smooth variety X can be defined additively to be the abelian group generated 
by the collection of coherent sheaves on X subject to the relations [A] + [C] = [B] 
whenever there is a short exact sequence O^A^B^C^O. The multiplication 
in K°(X) is induced by the tensor product; more precisely, it is given by 

(i) \sm = j2(-mTor?(£,r)]. 

i 

(The smoothness of X guarantees that this sum terminates.) Whenever G is a con- 
nected linear algebraic group acting transitively on X, the G-action on K°(X) is 
trivial, so we may compute [£][<?.F] instead of [^[.T 7 ]- Our result says that when g 
is chosen generically, only the i = term in (pQ) can be nonzero. This is useful, as 
the tensor product is a far more familiar object than the higher Tor sheaves. In 
particular, when £ = Oy and T = Oz are structure sheaves for arbitrary closed 
subschemes of X, the tensor product £ ®F is simply the structure sheaf CVnz of the 
scheme-theoretic intersection Y H Z. 
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Proof of Theorem 

From now on, G, X, £ and JF have the meanings in the statement of our Theorem. 
Let T denote the subvariety of X x X x G consisting of those points (xi, x 2 , g) such 
that X\ = gx 2 . Thus T is an isomorphic copy ofXxG embedded in X x (X x G) by 
the graph of the multiplication map X x G —>■ X. We will write pi, p 2 , and q for the 
projections of T onto the two X factors and G, respectively. 

Lemma 1. The map p\ x p 2 : T — > X x X is flat. 

Proof. Extending the base field k, we assume X has a fc-rational point, with stabi- 
lizer H. (Note that H need not be reduced; this causes no difficulty here or elsewhere.) 
By virtue of the transitivity of the group action, X is smooth, the map fj, : G — > X is 
surjective, and all fibers of /1 have the same dimension. By our standing assumption, 
G is smooth, so the map \x is faithfully flat by [Gro66j Proposition 15.4.2]. Base ex- 
tending pi x p 2 by G x G — > X x X, we need only prove that G x G Xxxx r — » G x G 
is flat. Thus, if A = {(gi, (72, fiO : <?<?2 £ 9\H} C G x G xG, we need the projection pi 2 
of A to the first two factors to be flat. But the automorphism of G x G x G taking 
(#1) 02) 0) ^ (#1) 02) 9% 992) commutes with p 12 and takes A to G x G x if. □ 

Lemma [[] would be false without the reduced (no nilpotents) hypothesis on X, as 
can be seen by taking X = Spec(k[e]/e 2 ) and setting G = Spec(fc), the trivial group. 

Let Q be the coherent sheaf p\£ ®p 2 T on T. Thus Q — {p x x p 2 )*(£KI.F), where Kl 
denotes the tensor product of the pullbacks to X x X along its two projections to X. 
For g G G(k), let : X ■=— > T be the map x 1— > (x, g _1 x, g). Let fc 9 be the skyscraper 
sheaf on G concentrated at g. The heart of our proof is the following computation. 

Proposition 2. With the above notation, we have 

LiTorf(£,g^) = Torl(q*k g ,g). 

Proof. X is smooth, by virtue of the transitive group action, so X has enough locally 
frees (see Exercises 6.4, 6.8, and 6.9 in [Har77, Chapter III]). Let <— /Co <— /Ci <— • • • 
and <— Cq <— £1 <— ■ • • be resolutions of £ and by locally free Ox-modules. Then 
Cij — JCi M Cj, is a double complex on X x X. The rows C.j resolve £ Kl the 
columns C^. resolve /Q Kl JF, and the total complex resolves £ M T . Let 

Aj = (Pi x P2)*(^ IE £,) = ^/Q ® 

Because p\ x p 2 is a flat morphism, the rows, columns, and total complex of T>. . 
resolve p\£ ® p 2 £j, p\^% ® p\F , and Q = p\£ ® p* 2 T ■, respectively. 

We claim that the rows of T>. .®q*k g can only have nonzero homology in homological 
degree 0, and that in row j this homology is p\£ ®p 2 Cj ® q*k g . To see this, note that 
p\M. ®q*k g = t%M. for all coherent sheaves M. on X. Since l 9 is a closed embedding, 
l% is exact, so the complex ^— p*/Co <8> q*k g <— p*/Ci <8> <?*fc g «— • • • is a resolution of 
1% £ = p\£ <S> q*k g . Tensoring this resolution with the locally free sheaf p 2 Cj preserves 
exactness, resulting in a resolution of p\£ ®p 2 Cj ® q*k g , as claimed. 

Now, consider the horizontal homology of T>. . Cg> q*k g , which is concentrated in the 
zeroth column, as a complex under the vertical differential, namely 

(2) <- p\£ ® p* 2 C ® g*A; 3 <- pJ5 ® <g> g*A; 9 
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By an argument similar to that of the previous paragraph, we may rewrite ([2]) as the 
pushforward of a complex on X; namely, t^j is the image under 1% of 

(3) «- £ <g> gC «- £ <8> «- • • • , 

where we have used that p* 2 hA ® q*k g = L%(gAi) for all coherent sheaves Ai on X. 
The i th homology of (j3J) is Tor i (£, gJ 7 ). As 6 s is a closed immersion, «| is exact; hence 
the z th homology of (j2) is l% Tor? (£,gF). 

To summarize, T>. t . (g> <?*& g is a double complex whose rows are acyclic and whose 
horizontal homology is a vertical complex computing L^Torf (£ , gT\ On the other 
hand, the total complex of T>. . is a locally free resolution of Q over Or, so the 2 th 
homology of V. j .®q*k g is Tor\{ifk gi Q). Standard homological techniques (see [Wei94j 
Section 5.6], for example) produce a natural isomorphism from the homology of the 
total complex to that of the vertical complex, given the horizontal acyclicity. □ 

Due to the isomorphism in Proposition [21 we are interested in Tor\{q*k g) Q). 

Proposition 3. For i > and generic g £ G, we have TorJ(q*k g , Q) = 0. 

The proof is based on the following general result due to Grothendieck. 

Generic Freeness. Let A be a generically reduced noetherian scheme, q : B — > A a 
finite type A-scheme, and M. a coherent sheaf on B . Then there is a dense open sub- 
set U of A such that (the pushforward to U of) M.\ q -iaj) is a locally free Ou-module. 

Proof. See |Gro63l IV3, 11.2.6.1], or see |Eis95j Theorem 14.4] for a very readable 
proof in the affine case. □ 

Proof of Proposition Apply generic freeness twice to find a dense open U C G 
such that Q\ q -i(u) and Or\ g -^(u) are both locally free Ou modules. We claim that 
7brf (q*k g ,G) = for alH > when g G U. This computation may be checked locally: 
if R is the local ring of Oq at g G U, with maximal ideal m g , and S is the local ring of 
any point 7 G T mapping to g, then we only need the 5-module Tor^ (S ®RR/m g , M) 
to vanish for % > 0, where M = is the stalk of Q at 7. 

Considering Torf (S <&r R/m g , M) as an i?-module, it agrees with Torf (R/m g , M), 
since any resolution F. of M by free S'-modules is already a resolution of M by free 
-R-modules (by our choice of U), and F. ® s (S®nR/m g ) = F. ® R (R/m g ). The desired 
vanishing follows because M is a free (hence flat) -R-module (by our choice of U). □ 

The proof of our Theorem is now easy to complete. Propositions [2] and [3] imply 
that for g G G generic, t^Torf (£, gJ 7 ) = Tor\ (q*k g ,Q) = whenever i > 0. But i 9 
is a closed immersion, so if is exact and faithful; in particular, L 9 Torf(£,gJ r ) = 
implies that Torf (£, gJ 7 ) = 0, as desired. □ 

Acknowledgements. The authors are grateful to Brian Conrad, Igor Dolgachev, 
and Michel Raynaud for helpful suggestions and references. 



A KLEIMAN-BERTINI THEOREM FOR SHEAF TENSOR PRODUCTS 



5 



References 

[Bor91] A. Borcl, Linear Algebraic Groups, Graduate Texts in Mathematics Vol. 126, Springer- 
Vcrlag, New York, 1991. 

[Bri02] M. Brion, Positivity in the Grothendieck group of complex flag varieties, Journal of Algebra 

258 (2002), no. 1, 137-159. 
[Bri05] M. Brion, Lectures in the geometry of flag varieties, in Topics in cohomological studies of 

algebraic varieties, Trends in Mathematics, Birkhauscr, Boston, 2005, pp. 33-85. 
[Buc02] A. S. Buch, A Littlewood- Richardson rule for the K-theory of Grassmannians, Acta. Math. 

189 (2002), no. 1, 37-78. 
[Eis95] D. Eisenbud, Commutative algebra with a view toward algebraic geometry, Graduate Texts 

in Mathematics Vol. 150, Springer- Verlag, New York, 1995. 
[Gro63] A. Grothendieck, Elements de geometric algebrique. III. Etude Cohomologique des Faisceaux 

Coherents. II, Inst. Hautes Etudes Sci. Publ. Math. Vol. 17, 1963. 
[Gro66] A. Grothendieck, Elements de geometrie algebrique. IV. Etude locale des schemas et des 

morphismes de schemas, Inst. Hautes Etudes Sci. Publ. Math. Vol. 28, 1966. 
[Har77] Robin Hartshorne, Algebraic geometry, Graduate Texts in Mathematics Vol. 52, Springer- 

Vcrlag, New York, 1977. 

[Kle74] S. Kleiman, The transversality of a generic translate, Compositio Math. 28 (1974) 287-297. 

[Las90] A. Lascoux, Anneau de Grothendieck de la variete de drapeaux, The Grothendieck Fest- 
schrift, Vol. Ill, 1-34, Progr. Math., 88, Birkhauser Boston, Boston, MA, 1990. 

[Spr98] M. Spreafico, Axiomatic theory for transversality and Bertini type theorems, Archiv der 
Mathematik 70 (1998), 407-424. 

[Wei94] C. Weibel An introduction to homological algebra, Cambridge Studies in Advanced Mathe- 
matics Vol. 38, Cambridge University Press, New York, 1994. 

School of Mathematics, University of Minnesota, Minneapolis, MN, USA 
E-mail address: ezra@math.umn.edu 

Department of Mathematics, University of Michigan, Ann Arbor, MI, USA 
E-mail address: speyer@umich.edu 



